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Abstract 

In pQ, T. Clopeau, A. Mikelic, and R. Robert studied the inviscid 
limit of the 2D incompressible Navier-Stokes equations in a bounded 
domain subject to Navier friction-type boundary conditions. They 
proved that the inviscid limit satisfies the incompressible Euler equa- 
ls . tions and their result ultimately includes flows generated by bounded 
CN | initial vorticities. Our purpose in this article is to adapt and, to some 

extent, simplify their argument in order to include p-th power inte- 
^T) . grable initial vorticities, with p > 2. 

o 

1 Introduction 

In a recent paper jTj, T. Clopeau, A. Mikelic and R. Robert studied the 
inviscid limit of solutions of the 2D incompressible Navier-Stokes equations 
in a bounded domain with Navier friction type boundary conditions. They 
proved that the inviscid limit is a weak solution of the Euler equations, 
and their results include flows generated by bounded initial vorticities. The 
purpose of the present work is to extend their argument in order to include 
flows with initial vorticities in L p , p > 2. Technically this work involves 
much the same tools that were used in pQ and relies in an essential manner 
on Clopeau et allies smooth data result. 
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The main motivation for studying the vanishing viscosity limit for in- 
compressible 2D flow is the problem of boundary layers. This motivation, 
together with the issue of the physical meaning of the Navier friction con- 
dition was well explored in the introduction to [I]. We will not repeat that 
discussion here, referring the reader to that article and the references there 
contained for this part of our introduction. However, 2D boundary layers 
have been a very active field of inquiry recently, so in addition to PQ we also 
refer the reader to [3J EI] for more recent developments. Beyond these issues, 
there is additional background which is specifically related to irregular flows 
which we must address here. 

Existence of weak solutions to the incompressible 2D Euler equations 
has been established for rather singular initial data, more precisely, initial 
velocities in Lf oc such that the corresponding vorticity lies in BM.^ + L], 
i.e. nonnegative bounded measures with compact support plus an arbitrary 
compactly supported integrable function. This result is due primarily to J.- 
M. Delort [2], we refer the reader also to [Tlj. In both these papers the weak 
solutions are obtained by compactness arguments in which the initial data is 
mollified and the equations are subsequently exactly solved with this smooth 
data. Uniqueness has only been established if the initial vorticity is bounded 
or nearly so |H3 EEU CZj , so that the issue of selection principles for singular 
flows is wide open. It makes sense in this case to investigate whether other 
approximation schemes also yield weak solutions. For example, this has been 
established for certain numerical schemes, see [El Ell- It is natural, from a 
physical point of view, to investigate the vanishing viscosity limit as well. It is 
possible to adapt Delort's arguments to study the inviscid limit in the absence 
of boundaries and this has been done for full plane flow, see jUj . The problem 
of studying the existence of viscosity solutions in domains with boundary runs 
into the classical problem of boundary layers if one supplements the viscous 
approximations with the no-slip boundary condition. The work of Clopeau et 
alii shows that the boundary layer arising from the inviscid limit with Navier 
friction condition can be treated, while retaining some physical meaning. In 
fact, the Navier friction condition still allows for vorticity production at the 
boundary, but in a controlled fashion. It is therefore natural to investigate 
the existence of viscosity solutions by considering viscous approximations 
satisfying the Navier friction condition, searching for critical regularity on 
the initial data that guarantees the existence of such solutions. This is the 
main point behind the present work. 

The remainder of this article is divided in five sections: the next section 
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contains the basic notation and set up of the problem; the third section 
investigates approximation of initial data that satisfy the Navier friction 
condition; the fourth section contains the a priori estimate on L p -norm of 
vorticity which is the heart of this work; the fifth section contains a well- 
posedness result for the viscous approximations with L p initial vorticity; the 
last section contains the passage to the inviscid limit and conclusions. 



2 Preliminaries 



Let Q C R 2 denote a bounded simply connected domain with smooth bound- 
ary Our point of departure are the incompressible Navier-Stokes equa- 
tions in Q. We are interested in the initial-boundary value problem where 
the velocity satisfies the Navier friction condition with friction coefficient 
a = a(x) G C 2 (dQ), a > 0. More precisely, the initial-boundary value 
problem is given by 



Ut + u ■ Vu - 
div u = 
u ■ n = 

2(D«) s n ■ r + au ■ t 
u(x, 0) = u (x) 



Vp + uAu 



in VI x (0,T), 
in x [0,T), 
on dtt x [0,T), 
on dn x (0,T), 
in f2, 



(1) 



where v > is the viscosity, n and r are the unit outwards normal and 
counterclockwise tangent vectors to dQ respectively, u is the fluid velocity, 
p is the scalar pressure and (Du)s is the symmetric part of the Jacobian 
matrix of u, i.e. (Du)s = \(Du + (Du) 1 ). 

The well-posedness of this initial-boundary value problem was established 
by Clopeau, Mikelic and Robert in pQ. More precisely, given a divergence- 
free initial velocity field u G H 2 (Q), tangent to the boundary, and satisfying 
the Navier friction condition 2(Du)sXi-T + au-r = on dQ in the trace sense, 
they showed that there exists a unique weak solution u v G L 2 ((0, T); /f 1 (fi))n 
L°°((0,T);L 2 (fi)) satisfying 



d 



I \pu v + / ip-{u v - V)u v dx + 
Jn Jn 



(2) 



2u / (Dip) s : (Du u ) s dx +u a(<p ■ t)(u u ■ r)dS = 0, 
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for every divergence-free test vector field ip G H 1 ^), tangent to dfl. Here the 
matrix product A : B means . AijBij and it is called the trace product. 

We note that the initial condition is not included in this weak formulation. 
In fact, Clopeau et alii also showed that u v t G L 2 ((0, T); H 1 ^)) from which it 
follows by integration that u v G C([0, T]; H 1 ^)). Therefore the initial condi- 
tion u u (-, 0) = u can be meaningfully imposed. Furthermore, if one assumes 
that the initial vorticity curl u is bounded then u u G C([0, T); H 2 (fl)). 

The Navier friction condition can be formulated in terms of vorticity. In 
order to do so, a calculus identity was established in [T] which we reproduce 
in the Lemma below. 

Lemma 1 Let v G H 2 (Q) be a vector field which is tangent to dfl. Then: 



where u = curl v and k is the curvature of dQ. 

One of the main difficulties in addressing the classical vanishing viscosity 
limit in domains with boundary resides in writing useful boundary conditions 
for the vorticity formulation of the 2D Navier-Stokes equations. It is through 
the use of the vorticity formulation that one finds higher order estimates for 
velocity that are independent of viscosity. The inviscid limit for 2D Navier- 
Stokes with friction condition is more tractable than the classical problem 
precisely because the friction boundary condition translates into a useful 
boundary condition for vorticity. We introduce ujq = curl uq the initial 
vorticity and uj u = curl the time-dependent vorticity associated to the 
weak solution u v of ((TJ with initial data uq. For each fixed time, the velocity 
u v can be recovered from vorticity by means of the Biot-Savart law. We make 
this explicit by writing 



where Kq is an integral operator of order —1, with kernel given by V Gq, 
where Gq is the Green's function for the Dirichlet Laplacian in Q. Using 
Lemma^ above, it is a standard calculation to show that u u , u v satisfies, in 
a weak sense, the following parabolic initial-boundary value problem, which 
is the vorticity formulation of (|T|): 



(Dv) s n-T 




on dQ 




(3) 
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3 Approximating nonsmooth initial data 



The problem we wish to address in this article is the inviscid limit for ((TJ with 
initial velocity uq = K^[u ], and ujq G L p {VL) for some p > 2. We must first 
discuss this initial-boundary value problem for fixed viscosity, as this initial 
condition does not satisfy the conditions for the well-posedness mentioned 
in the previous section. It can be easily seen that this initial velocity uq 
is divergence free, tangent to the boundary and it belongs to W 1,P (Q) (by 
elliptic regularity, see [10J). This means that there is not enough regularity 
to impose the Navier friction condition on the initial data, so that this initial- 
boundary value problem is subject to an initial layer. 

Definition 1 We will call a function uj G H l (Vt) fl compatible if 

the associated velocity u = Kq[cj] G H 2 (Q) satisfies the Navier condition 
uj = (2k, — a)u ■ t on the boundary in the trace sense. 

The first issue we need to address is how to approximate an arbitrary 
function in L P (Q) by compatible functions. This issue was addressed by 
Clopeau et alii for uj G L°°(Q), using a fixed point argument. We will state 
and prove an extension of their result that applies to functions uj G L p (Q), p > 
1. The proof is a reasonably straightforward adaptation of their argument, 
which we include for the sake of completeness. 

Lemma 2 Let uj G L p (Q), for some p > 1. Then there exists a sequence 
{uj n } of compatible functions which converges to uj strongly in L p . 

Proof: Recall the notation introduced in the proof of Lemma 4.2 of jj. For 

x G ft, let d — d(x) be the distance of x to dQ and let U n = {x G Q : 
d(x) < l/n}. Let r = r(x) denote the orthogonal projection of U n onto dQ, 
defined for n sufficiently large. Let ( n be a smooth cutoff for a neighborhood 
of Q\U n , so that ( n = in U n+ i and ( n = 1 outside U n . Let r\ n be a standard 
Friedrichs mollifier. As in Lemma 4.2 we extend uj to vanish outside of fl 
First, assume that p < 2 and let p = p/{2 — p). For any G G L p (dQ) set: 

P EE Cn(x)Vn * Uj(x) + (1 - U^Y'^' ] G{r{x)) , (4) 

and 

v = K a \j3\. 
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Introduce 

= {2k - a)v ■ t. 

We note that \I/ maps L p (dQ) into itself. To see this, we begin by observing 
that /3 G This follows since G G L p (<9fi), which implies, by a simple 

change of variables, that G(r(-)) G L p (U n ). As G(r(-)) appears multiplied by 
a function which vanishes outside U n we may assume that G(r(-)) vanishes 
outside U n . Since p > p, because p > 1, we obtain /3 G Therefore 
t> G W 1,p (fl), so that u • r G W 1 ~ l / p ' p (dn). We conclude using; the Sobolev 
imbedding W l - l ' p ' p {dVt) C L p (<9fi). 

Next we show that \l/ is a contraction mapping if n is sufficiently large. 
Let Gi, G 2 G i7(<9ft). Then: 

||*(Gi) - ^(G 2 )|| L p (an) < \\2k - a||z~H - v 2 \\ LHm) < C p \\fc - A^lz^n) 

< C p \\GM-)) - G 2 (r(-))\\ LP{Un) < C^WG, - G 2 \\ mm) . 

Therefore, for n sufficiently large, \l/ has a unique fixed point, which we 
denote by G n G L p (dQ). We denote the corresponding (3 by uj n . We need 
to verify that uo n is compatible. First, a standard bootstrap argument on 
identity (jlj), involving Sobolev imbeddings and elliptic regularity gains 1 — 1/p 
derivatives on oj n at each step. Therefore, after a finite number of steps we 
reach uj n G H l H L°°. Second, the fact that G n is a fixed point for \l/ implies 
that u n satisfies the Navier friction condition. 

Finally, we argue that uj n converges strongly to uj in L p . Since the first 
term on the r.h.s of (@J) clearly converges strongly to to in L p , all we need to 
show is that the remaining term converges to zero in LP . First note that 

\\(l-( n )e- nd ^G n (r(x))\\ LP{n) < \\G n (r(x))\\ LP(Un) < -^\\G n \\ Lnm 

< o(l)\\G n \\ LHmy 

Now we estimate ||(j n ||z,p(an) : 

1 1 G n 1 1 l§ (an) < ||2« — a||L^||-^n[^n]|Up(an) 
< C(p,a,K)\\uj n \\ LP(n) < C(||o;||LP(n) + \\G n (r(x))\\ LP(Un )) 

< Cp||^||ip(n) + 7;\\G n \\LP(dn)i 
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for n sufficiently large, which implies the required bound. 

For p = 2 one repeats the argument above with an arbitrary p, and for 
p > 2 one just takes p = oo. 

I 

Remark 1: The result presented is actually more general than what 
we require. It applies to initial vorticities in L p , p > 1, when we are only 
going to use it for p > 2. It is worth remarking that it is only for the cases 
1 < p < 2 that we needed to use a fixed point argument in LP . We could 
have written an argument that works for the case p > 2 using the fixed point 
argument in L°°, like Clopeau et alii did in [T], and the proof would really 
be a very minor adaptation of the proof in [T], not deserving repetition even 
for the sake of completeness. One of the points of the present work is to 
clarify the criticality of this problem. This is the main reason to present the 
approximation result in this generality. The way it is formulated implies that 
this approximation issue is not part of the p > 2 limitation. 

Remark 2: There is no asymptotic description of the structure of the 
boundary layer for the present problem that would be the adaptation of the 
L. Prandtl description for the classical boundary layer. In the absence of 
such an account, the proof above gives at least a clue as to the nature of this 
boundary layer, embodied in the structure of the correction term. One key 
issue in the classical boundary layer, is that such a correction term would 
have, at best, an uniform L 1 estimate, leading to a boundary vortex sheet 
perturbation in the limit. This is apparent in the explicitly computable flow 
generated by an impulsively started plate, known as the Rayleigh Problem, 
see for example [TT]. This vortex sheet at the boundary is present in the 
inviscid limit even for smooth initial vorticities. Now, vortex sheet type 
regularity is critical for passing to the weak limit in approximations of the 
incompressible 2D Euler equations, see |2j. In some sense, it is this fact 
that is the heart of the difficulty in the classical boundary layer problem. 
The correction term in the proof above suggests that the boundary layer 
associated to the Navier friction condition would correspond to uniformly 
bounded vorticity near the boundary for p > 2, and L p vorticity near the 
boundary for 1 < p < 2, so that one would expect criticality only at p = 1. 

Remark 3: The argument presented breaks down when p — 1, mainly 
because elliptic regularity breaks down, so that one cannot guarantee that \l/ 
maps L 1 to itself. 
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4 A priori estimate on vorticity 



The purpose of this section is to derive an a priori estimate for vorticity on 
solutions of (JTJ). We begin with a compatible initial vorticity uq, as defined in 
the previous section. We use uo = Kq [ujq] as initial data. The well-posedness 
of the initial-boundary value problem (0) for such initial data was established 
in P, as previously mentioned. Let u = u(x,t) be the unique weak solution 
of (JTJ) with data uq. The vector field u belongs to C([0, oo); if 2 (ft)) and it 
satisfies the weak formulation (J2J) of the Navier-Stokes equation with Navier 
friction condition. The vorticity u = curl u satisfies the parabolic equation 
(J3J) in a weak sense. 

Lemma 3 Fix p > 2. There exists a constant C > 0, depending only on p, 
ft and the friction coefficient a such that the vorticity satisfies: 

< C(||o;q||lp + IKHlO- 

Proof: The proof involves applying a maximum principle to two auxiliary 
problems. First observe that u-r G L°°(<9fix (0, T)) since u G C([0, T); H 2 (ft)). 
Set 

A = || {2k - a)u ■ r||L°°(anx(o,T))- 
Consider the initial-boundary value problem for the Fokker-Planck equation: 

{uj t -uAuj + u-Vu = inftx(0,T), 
uj(-, 0) = |a>o| in ft, (5) 

u = A on9ftx(0,T). 

This problem has a unique weak solution u G -^ 2 ((0, T); if 1 (ft)), by The- 
orem 6.1 and 6.2 in j^j. Then, u\ = u — uj is a weak solution for the following 
initial-boundary value problem: 

(ut)t - vAuJt + u ■ Vco t = inftx(0,T), 

0) = Uq — \luq\ in ft, (6) 

ui = (2k - a)u ■ r - A ondftx(0,T). 

The coefficients of the Fokker-Planck operator d%— i/A+u-V are such that the 
maximum principle for weak solutions, given in Corollary 6.26 of [5 , is valid. 
Therefore, as u>i < on the parabolic boundary <9ft x (0, T) U ft x {t = 0}, it 
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follows that uj\ < a.e. in Qx [0, T). Analogously, we prove that u>2 = —uj—uj 
is non-positive. We thus obtain 

\u\ < uj a.e. in Q x [0,T). (7) 

Moreover, as ujq is compatible it is bounded. Hence Corollary 6.26 of [3] 
may also be applied to equation (j3J) yielding that uj E L°°((0,T) x Q). 

Next we obtain an estimate for uj. Let uj = uj — A. This is a solution of 
the following problem: 

uj t — uAuj + u ■ Vu? = infix(0,T), 
£j(-,0) = \oj \ - A in ft, (8) 

£ = on<9ftx(0,T). 

We formally multiply (JHJ) by u3|u3| p ~ 2 , where p > 2, we integrate by parts 
and use the incompressibility of the flow u to obtain: 

I* / |a5|*» + (p - 1)*/ / ||VS|P|^- 2 )/ 2 | 2 rfx = 0. 
P a* in in 

Then, 

||£(-,t)IU*(n) < IR-,0)|| LP(n) < ||w ||LP(n) + A|ft| 1/p . 

Therefore, 

< N|lp(ii) + m\ 1/v < + 2A|fi| 1 / p . (9) 

This formal calculation can be made rigorous by using the weak formu- 
lation of (JHJ) given in [3]. One needs to approximate the function cD|cD| p_2 by 
suitable smooth test functions in such a way as to pass to the limit in each 
term of the weak formulation. The relevant observations in this justification 
are that Q t G L 2 ((0, T); H^ l {Vt)) and Q e L 2 ((0, T); ^(ft)) nL°°((0, T) x ft), 
so that the following identity holds in L 2 ((0, T); if _1 (ft)): 









= cD - 







a -itDi'Uicr 2 



Given (JHJ) we now turn to the estimate of A. Using Sobolev imbedding 
and interpolating between W x,v and L 2 , we find: 

\H-,t) ■ r|| L <»(an) < C\\u(-,t)\\ cm < C\\u(-,t)\\ e L 2 {n) \\u(-,t)\\^ p{a) 
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<c\\u(.MUn)\H-Ml^ 

where 9 = (p - 2)/(2p - 2). 

Let e be an arbitrary positive number. We now use Young's inequality 
together with the fact that k and a are bounded to conclude that: 

A < CellwHioo^o^.^Q) + £||^|U°°((0,T);LP(n)) (10) 

for some C £ > 0. Taking e small enough, from ([7|)-(|1U|) we obtain: 

|MU°°(0,T;LP(n)) < C(||<^o||lp(Q) + \\ u \\l°°{Q,T;L' 2 (Q.))) (H) 

for any p > 2, where C = C(p, f2, || «:|| z,°°c^^) ' IMU°°(9n))- Finally, a standard 
energy estimate, such as the one carried out in [I] (see estimate (2.16)), yields 
||«IU°°(o,T;i2(n)) < ||wo||L2(n), thereby concluding the proof. 

I 

Remark 1: This Lemma is the heart of this article. Note that the 
restriction p > 2 comes into the proof above because of the need to produce 
an uniform bound on the velocity at the boundary. It would be interesting 
to know if this is a physically meaningful restriction. This would mean that 
the problem of controlling the generation of vorticity by the interaction of 
incompressible flow with a "Navier condition" boundary is critical at p — 2. 
However, this criticality at p = 2 seems unlikely. The limitation on the 
integrability of vorticity in the proof above appears to reflect a limitation on 
the maximum principle technique employed rather than an essential feature 
of this problem. In contrast, the exponent p = 1 found to be critical in 
the proof of Lemma 121 seems much more essential and is already known to 
be critical in terms of passage to weak limits on the nonlinearity of the 
incompressible 2D Euler and Navier-Stokes equations. 

Remark 2: The natural way to extend this vorticity estimate to p < 2 
would be to derive an L p energy estimate on the vorticity equation. Multi- 
plying the vorticity equation by pu\u\ p ~ 2 , integrating in space and per- 
forming the usual integration by parts yields: 

— f \cu\ p dx = — vp{p — 1) f \u\ p ^ 2 \Vuj\ 2 dx + vp f \uj\ p ^ 2 ujVoj ■ ndS. 
dt Jn Jn Jon 

We note that the boundary term is the flux of \u\ p through the boundary, over 
which we have no control. One special case for which this simple estimate 
does provide an improvement over Lemma El is the case of a = 2n, as then 
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the troublesome boundary term vanishes. This corresponds to the so called 
free boundary condition uj = on dQ. It is a well-known fact that one 
can handle the inviscid asymptotics in this case, as one is imposing that the 
boundary does not generate vorticity and thus there are no boundary layers. 
For details, see and the special case of time-independent domain in 

5 Well-posedness for the viscous problem 

In this section we observe that the initial-boundary value problem for the 
Navier-Stokes equations with friction-type boundary condition is well-posed 
even if the initial vorticity is not compatible. This was already done in pQ 
for bounded initial vorticity. 

To begin with, we require a notion of weak solution that is weaker than 
d2J), which we will introduce in the result below. 

Lemma 4 Let u v G L 2 ((0, T); H\fl,)) n L°°((0.T); L 2 (Q)) be a weak solution 
°f OP i n the sense given by the identity Then for any test vector field 
tp G C£°([0, T) x Q), divergence free and tangent to dQ we have: 

/ / u u (p t + u u {u u ■ V)<fdxdt + / u ip(-, 0)dx 
Jo Jn Jn 

= 2u I f (Dtp) s : {Du) s dxdt + u I f a(<p ■ t){u v ■ r)dSdt. 
Jo Jn Jo Jon 

Proof: Let <p be a test vector field. For each s G [0, T), define 

g(t,s)= / u u (x,t)(p(x, s)dx. 



Then, by (J2J) we have: 



n 



-2v / (D(p) s : (Du u ) s dx -u a(cp ■ r){u v ■ r)dS 
Jn Jan 

I u v {u v ■ V)pdx -2u I {D^) s : {Du u ) s dx - v [ ct(<p ■ t)(u u ■ r)dS, 
' n Jn Jan 
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using integration by parts and the fact that u u is divergence free. On the 
other hand, we also have: 

u u (x, t)ip s (x, s)dx. 

Therefore, it follows that: 

d f 

^(fi , ( t ^)) = y u u {x,t)<f t (x,t)dx 

+ [ u u {u u ■ V)ipdx - 2v [ {D(p) s : {Du v ) s dx - v [ a{(p ■ t){u v ■ r)dS. 
Jn Jn JdQ. 

Integrating this last identity in time and identifying the initial data yields 

the desired result. 

I 

We now state and prove the main result in this section. 

Proposition 1 Let uj £ L P (Q) for some p > 2 and Uq = Kq[ujq] . Fix v > 0. 
Then there exists a unique vector field u v = u u (x,t) e C([0,T); L 2 (Q)) fl 
L 2 ((0, T); satisfying the weak formulation of the 2D incompress- 

ible Navier- Stokes system (QJ) with initial data u . Moreover, the associated 
vorticity io v = curl u u satisfies the estimate 

\\^(;t)\\ LP{n) <C, 

a. e. in time, with constant C > independent of viscosity. 

Proof: Let ujq^ be a sequence of compatible functions approximating ujq 
strongly in L p , as constructed in Lemma 121 and uo tU = Kn[uJo,n)- Let u v n 
be the weak solution of system ((Tj) given by the well-posedness result of pQ 
and uj v n = curl u v n the corresponding vorticity. We begin by observing that 
Lemma El gives the uniform estimate: 

Iknlk^UO.T);!^)) < C( \\ UJ \\ Lp(U) + \\ Uq \\ L 2(n) ) , (12) 

for some C > 0. By the Poincare and Calderon-Zygmund inequalities it 
follows that 

H^nlU^^T)^ 1 -^)) — C(\\<jJ \\lp(Q) + \\u \\ L 2( n )). (13) 
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Let ip G C^°((0,T) x Q) be a divergence free test vector field which is 
tangent to the boundary of Q. We compute the time-derivative of u v n in the 
sense of distributions. This is where we require the new weak formulation 
given in Lemma 0] We have: 

(<P, 9t<) = - T f (dtv)< 



Jo Jn 

[ u v n {u v n ■ V)y? - 2v(Dip) 3 : {Du v n ) s dxdt - v I [ a{ip- r)« • r)dS. 
o Jn Jo Jan 

Recall that p > 2, so that (JT3j) implies that ||«^||i,<»((o,T)xn) < C, for some 
constant C > depending only on the initial data. Similarly, ||.Dw^||L 2 ((o,T)xn) 
is bounded uniformly by a positive constant depending only on initial data. 
We use these facts to estimate d t u v n . Let (p be a test vector field, which we 
first assume to be divergence free as above. We have: 

\((p,dtv£)\ < (|KIU~((o,r)xn)IKI|L2((o,r)xn) + M\ Du nh 2 ((o,T)xQ) 

+ u \\ aU n\\L 2 ((0,T);H 1 (n))) \\ V 9 II ^((O.T);^ 1 («)) < C 1 1 V II ^((Q,^);^ 1 («)) » 

where we have used the continuity of the trace operator from H 1 (Q) onto 
L 2 (dQ) to estimate the boundary term. Now, if the test vector field if is 
not divergence free, we use standard properties of the Leray projector P to 
obtain an estimate 

H-fVlU^O.T);*? 1 ^)) < C\\(p\\ L 2^ 0tT y jH i^, 

and we repeat the argument above with Pip in place of ip. Note that 

{<p, dflO = (Pip, d t ul) 

as d t u v n is divergence free and tangent to the boundary. By duality this 
implies the following estimate: 

||^<IU 2 ((o,T);H-i(n)) < C, (14) 

with C > depending only on the initial data. Thus u v n is equicontin- 
uous from (0, T) to and we can use the Aubin-Lions Lemma to 

obtain a subsequence, which we will not relabel, converging strongly in 
C([0, T}; L 2 (Q)). Without loss of generality this subsequence also converges 
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weakly in L 2 ((0,T); to a limit u u . It is now easy to see that we can 

pass to the limit in each term in the weak formulation (J2J) of the Navier-Stokes 
equations, thereby concluding the proof of existence for the initial-boundary 
value problem Furthermore, from the estimate on vorticity ()12j) it follows 
that 

IK(-,t)|Up ( Q)<c, 

a.e. in time, for some constant C > depending only on the initial data. 

The uniqueness portion of this result is standard, and may be obtained by 
adapting the classical argument using an energy estimate on the difference 
of two solutions with the same data. We conclude that there exists at most 
one weak solution u E C([0, T); L 2 (fi)) n L 2 ((0, T); H\tt)) of © in the form 

I 

Remark: The proof above can be adapted for 1 < p < 2, assuming of 
course that Lemma El could be proved in that case. The main steps in this 
adaptation would be: 

• substitute the L°° estimate on u v n by an L°°((0,T);L p ) estimate, with 
p* either the critical Sobolev exponent if p < 2 or an arbitrary number 
l<g<ooifp = 2; 

• use the fact that v^ll^nlU^o.T);// 1 ^)) is bounded uniformly in n and v 
by the L 2 -norm of the initial velocity. This is a consequence of standard 
energy estimates for the Navier-Stokes equations. 

6 Inviscid limit and Conclusions 

Let Uq G L p (Q) for some p > 2 and let uq = Kq[lj ]. In this last section 
we show that the sequence of solutions of the Navier-Stokes equations with 
initial velocity uq and with Navier friction conditions possesses a converging 
subsequence to a solution of the Euler equations with same initial velocity 
as viscosity vanishes. The proof is very similar to the existence part of the 
proof of Proposition ^ 

Theorem 1 Let u v = u v {x,t) be the solution of (QJj such that u u (-,0) = 
Uq. Then there exists a sequence — > such that u Uk — > u strongly in 
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C([0, T]; L 2 (Q)) as k — > oo and u is a weak solution of the incompressible 2D 
Euler equations in the sense: 



I I u(f t + u(u ■ V)(pdxdt + / u (f(-, 0)dx = 0, 
Jo Jn Jn 

for any test vector field ip e C£°([0, T) x Q) which is divergence free and 
tangent to the boundary. 

Proof: We recall from the proof of Proposition Q that the following uniform 
estimates hold for u v : 

|p IU i »((o,:r);W 1 - I, (fi)) — C 

and 

where C > depends only on the initial velocity uq and initial vorticity 
ojq and is independent of viscosity (see the proof of (fT3j) and (flljl). From 
these estimates it is possible to extract a subsequence u Uk which converges 
strongly in C([0, T]; L 2 (fi)) and weakly in L 2 ((0, T)]H l {Vt)). It is easy to see 
that these modes of convergence are sufficient to pass to the limit in each 
term of the weaker weak formulation, given in Lemma EJ and guarantee that 
the limit function u satisfies the identity: 

/ u(f t + u(u ■ V)(fdxdt + / u (p(-, 0)dx — 
Jn Jn 

for any test vector field ip G C£°([0, T) x Q) which is divergence free and 
tangent to dQ. This is precisely the standard formulation of a weak solution 
of the Euler equations, hence we conclude the proof. 

I 

Remark: We could have used the weak formulation given by (J2J) to pass 
to the inviscid limit, thereby obtaining a weak solution to the Euler equations 
satisfying with v — 0. We chose to use the form in Theorem ^ because it 
is the standard weak formulation of the incompressible 2D Euler equations. 

We conclude this article with a few final observations. First, we call 
attention once more to the fact that the authors are not convinced of the 
criticality of p = 2, so the critical p remains an open problem. Second, as 
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mentioned in Section 3, there is no asymptotic description in the fluid me- 
chanics literature of the boundary layer associated with the Navier friction 
condition, something that, if available, would clarify the issues raised here. 
Finally, an interesting question which we have not explored is whether the 
viscosity weak solution of the incompressible 2D Euler equations obtained 
above conserves L p -norm of vorticity. Conservation of the L p norm of vor- 
ticity holds both for weak solutions in the full plane are known to do, as a 
consequence of DiPerna-Lions theory, see [7] and for strong solutions, as one 
can ascertain directly from the vorticity equation. In the viscous approxi- 
mation, vorticity can be generated at the boundary, so that the question is 
whether this possibility disappears in the vanishing viscosity regime. 

Acknowledgements: The authors would like to thank D. Iftimie and M. 
O. Souza for enlightening discussions. 
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